In this paper, we verify that a general p(x)-Laplacian Neumann problem has at least three weak solutions, which generalizes the corresponding result of the reference [R. A. Mashiyev, Three Solutions to a Neumann Problem for Elliptic Equations with Variable Exponent, Arab. J. Sci. Eng. 36 (2011Eng. 36 ( ) 1559Eng. 36 ( -1567.
Introduction
with Neumann conditions has been studied by Dai [6] , Mihailescu [13] and Liu [11] .
In this paper, we will consider the Neumann problems involving the p(x)-Laplacian operator − div |∇u| p(x)−2 ∇u + a(x)|u| p(x)−2 u = λf (x, u) + µg(x, u), in Ω,
where Ω ⊂ R N (N ≥ 3) is a bounded domain with smooth boundary, λ, µ > 0 are real numbers, p(x) is a continuous function on Ω with inf x∈Ω p(x) > N and a ∈ L ∞ (Ω) with essinf x∈Ω a(x) = a 0 > 0. We denote by ν the outward unit normal to ∂Ω. The main interest in studying such problems arises from the presence of the p(x)-Laplacian operator div |∇u| p(x)−2 ∇u , which is a generalization of the classical p-Laplacian operator div |∇u| p−2 ∇u obtained in the case when p is a positive constant.
When µ = 0, in [12] , R. A. Mashiyev studied the particular case f (t) = b|t| q−2 t − d|t| s−2 t where b and d are positive constants, 2 < s < q < inf x∈Ω p(x) and N < inf x∈Ω p(x); and
and N < inf x∈Ω p(x) for all x ∈ Ω. He established the existence of at least three weak solutions by using the Ricceri's variational principle. In this paper, we assume f (x, u) and g(x, u) satisfies the following general conditions: (f1) f, g : Ω × R → R are Carathéodory functions and satisfies
where α(x), β(x) ∈ C(Ω), α(x), β(x) > 1 and 1 < α + = max x∈Ω α(x) < p − = min x∈Ω p(x), 1 < β + = max x∈Ω β(x) < p − = min x∈Ω p(x) and c 1 , c 2 , c 1 , c 2 are positive constants.
(f2) There exist a constant t 0 and following conditions satisfies
where M is a positive constant.
Following along the same lines as in [12] , we will prove that there also exist three weak solutions for such a general problem for λ sufficiently large and requiring µ small enough.
Preliminary results and lemma
In this part, we introduce some theories of Lebesgue-Sobolev space with variable exponent. The detailed description can be found in [10, 17, 8, 9] . Denote by S(Ω) the set of all measurable real functions on Ω. Set
For any p ∈ C + (Ω), denote
Let p ∈ C + (Ω). Define the generalized Lebesgue space by
(Ω) endowed with the norm
becomes a Banach space. Let a ∈ S(Ω), and a(x) > 0 for a.e. x ∈ Ω. Define the weighted variable exponent Lebesgue space L
with the norm
From now on, we suppose that a ∈ L ∞ (Ω) and essinf x∈Ω a(
(Ω) is a Banach space (see [5] for details). The variable exponent Sobolev space W 1,p(x) (Ω) is defined by
Next, the weighted-variable-exponent Sobolev space W
(Ω) is defined by
Then the norms · a and
(Ω) is a separable and reflexive Banach space.
(Ω), we have
for any x ∈ Ω, by Theorem 2.2. in [9] and the equivalence of the norms · a and · , we deduce that W
then there exists a constant k > 0 such that
To prove the existence of at least three weak solutions for each of the given problem (P), we will use the following result proved in [15] that, on the basis of [2] , can be equivalently stated as follows Theorem 1. Let X be a separable and reflexive real Banach space; Φ : X → R a continuously Gâteaux differentiable and sequentially weakly lower semicontinuous functional whose Gâteaux derivative admits a continuous inverse on X * , Ψ : X → R a continuously Gâteaux differentiable functional whose Gâteaux derivative is compact. Assume that
and there are r ∈ R and u 0 , u 1 ∈ X such that
Then there exist an open interval Λ ∈ (0, ∞) and a positive real number q such that for each λ ∈ Λ and every continuously Gâteaux differentiable functional J : X → R with compact derivative, there exists σ > 0 such that for each µ ∈ [0, σ], the equation
has at least three solutions in X whose norms are less than q.
The main result and proof of the theorem
In this part, we will prove that for problem (P) there also exist three weak solutions for the general case.
is a weak solution of problem (P) if
Theorem 2. Assume that p − > N and f (x, u) satisfies (f1), (f2). Then there exist an open interval Λ ∈ (0, ∞) and a positive real number q > 0 such that each λ ∈ Λ and every function g : Ω × R → R which satisfying (f1), there exists δ > 0 such that for each µ ∈ [0, δ] problem (P) has at least three solutions whose norms are less than q. In order to use Theorem 1, we define the functions Φ, Ψ, J : X → R by
Arguments similar to those used in the proof of Proposition 3.1 in [14] , we know Φ, Ψ, J ∈ C 1 (X, R) with the derivatives given by
for any u, v ∈ X. Thus, there exists λ, µ > 0 such that u is a critical point of the operator Φ(u) + λΨ(u) + µJ(u), that is Φ (u) + λΨ (u) + µJ (u) = 0. For proving our result, it is enough to verify that Φ, Ψ and J satisfy the hypotheses of Theorem 1. It is obvious that (Φ ) −1 : X * → X exists and continuous, because Φ : X → X * is a homeomorphism by Lemma 2.2 in [12] . Moreover, Ψ , J : X → X * are completely continuous because of the assumption (f1) and [10] , which imply Ψ and J are compact.
Next, we will verify that condition(i) of Theorem 1 is fulfilled. In fact, by Proposition 1, we have
On the other hand, due to the assumption (f1), we have
Therefore,
Furthermore, we can find two positive constants d 1 , d 2 > 0 such that
Since 1 < α + < p − , then lim u a→∞ Φ(u) + λΨ(u) = ∞ and (i) is verified. In the following, we will verify the conditions (ii) and (iii) in Theorem 1. By F t (x, t) = f (x, t) and assumption (f2), it follows that F (x, t) is increasing for t ∈ (t 0 , ∞) and decreasing for t ∈ (0, t 0 ), uniformly with respect to x. Obviously, F (x, 0) = 0. F (x, t) → ∞ when t → ∞, because of assumption (f2). Then there exists a real number δ > t 0 such that
Let a, b be two real numbers such that 0 < a < min{t 0 , k} with k given in Remark 1 and b > δ satisfies
The above two inequalities imply
Consider u 0 , u 1 ∈ X with u 0 (x) = 0 and u 1 (x) = b for any x ∈ Ω. We define
Similarly for b < 1, by help of Proposition 1, we get the desired result. Thus, we obtain Φ(u 0 ) < r < Φ(u 1 ) and (ii) in Theorem 1 is verified.
On the other hand, we have
Next, we consider the case u ∈ X with Φ(u) ≤ r < 1. Since 
